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5__ O6bEM YacoB, NPeAyCMOTPEHHbIM NporpaMmmMmamMm Ha

IIPOCBEIODEHHUE

cO3 n3ydeHune mateMatukm B8 OCHOBHOU

LA

NABOPATOPUSA

Ao

n cpeaHen wkone

ba30Bbliit ypOBEHDb

Yrny6néHHbI YpOBEHb

HacTtoauwen nporpammon npeaycmaTpuBaeTcaA BblaeneHne B y4ebHOM NaaHe Ha U3yYeHUE MAaTEMATUKM B
5-6 Knaccax 5 y4ebHbix 4acoB B HeAeNto B Te4eHue Kaxkaoro roga obydyenumsa, scero 340 yyebHbIX 4acos

B 7-9 Knaccax 6 (3+2+1) yuebHbIX 4acoB B Heaento B
TeYeHMe Kaxkaoro roga obyyeHus, scero 612
(306+204+102) y4ebHbix 4acos.

B 7-9 Kknaccax 8 (4+3+1)y4ebHblix YacoB B HeAeNto B
TeYeHme Kaxkaoro roga obyyeHus, scero 816
(408+306+102) y4ebHbix 4acos.

B yuebHOM nnaHe Ha n3yvyeHne matematmkm B 10-11
KNnaccax oTBoaUTCA 5 y4ebHbIX YacoB B HeAENIo B
TeYeHue Kaxkaoro roga obyyeHus, scero 350

(175+105+70) y4uebHbIx Yacos.
(3 HUX B 10 KN. 2+2+1, B 11 Kn. 3+1+1)

B yuebHOM nnaHe Ha n3yvyeHne matematmkm B 10-11
Knaccax Ha otBoauTca 8 (4+3+1) yuebHbIX 4acoB B
HeAeNto B TeYeHUe Kaxaoro roga obyyenHums, Bcero
560 (280+210+70) yuebHbix 4acos.

TemaTnyeckoe naaHUpoBaHMe y4ebHbIX KYPCOB U peKoMeHayemoe pacnpeaeneHme yyuebHoro BpemeHum
ANA N3YYEHUA OTAE/IbHbIX TEM, NPeA/I0KEeHHbIe B HAaCTOALLEN Nporpamme, HaJo pPaccCMaTpMBaTb Kak
NPUMEPHbLIE OPUEHTUPLI B MOMOLLLb COCTAaBUTE/NIO aBTOPCKOM paboyeit Nporpammbl, U NPeEXKae BCEro

yuntento. ABTop paboyei nporpammsbl BNpase YBEAUYUTb UM YMEHbLIUTL NPEAN0XKEHHOE YUCNO YYEOHbIX
4acoB Ha TeMY, YTOObI YrIyOUTbCA B TEMATUKY, 3aMHTEPECOBABLLYIO 0OYYatOLLMXCA, UM HAaNPaBUTb YCUAKA
Ha NpeoaoneHne 3aTpyaHeHMn. [lonycTMMO TaK:Ke I0Ka/ibHoe nepepacnpeaeneHme u nepectaHoBKa
3N1eMEHTOB COAePHKaHMA Kypca BHYTPU AaHHOrO Kiacca.




LAS

nASORATOMI Anrebpa, 7-9 knacchl

A.T. Mopakosuua

ABTOpBI:

Mamemamuka — 3mo A3vIK, HA KOMOPOM

2060p:ANt 6Ce MOYHble HAYKU.

Mopakosuu A.I., Cemenos I1.B.,
Aunexcanapona JI.A., Mapnaxaesa E.JI.

@

Anre0Opa u Ha4yaja MaTeMaThueckoro aHainuza, 10-11 kmaccer ) Ok

H.U.Jlobauesckuii
Knacc DOyHKIUA PeanbHbIe M pU3HMUIECKUE TTPOIIECCHI

7 knacc | Jluneiinas Qpynxuus. OyHKUusS y = x°. PaBHOMEpHBIE TPOLIECCHI.
Kycounas ¢pyHkims.

8 kinacc | KBagparuunast pyHKIuS. PaBHOYCKOpEHHBIE TTPOLIECCHI.
OyHKIUU y=|x, y=— 51 y=\/;.

X
3

9 kmacc |DPyHkmuu y=x> u y= .
O0600111eH1e U3yUYEHHOTO B OCHOBHOM 1IKOJIE, (hopMann3alys HEKOTOPBIX ONPeIeICHUN 1
TTOHSTHM.

10 knacc | Tpuronomerpudeckue GyHKIINM. [Tepuoguyeckue MIPOIIECCHI,

rapMOHUYECKHE KOJIeOaHuUs.

CrenenHble, MokasareibHbie U Jorapudmudeckue | [Ipouecchl opraHM4eckoro pocra.
byHKIMH,

11 knacc | DneMeHTHl Teopuu mpenenon, nuddepernuanpsHoro | MrHoBeHHAs: CKOPOCTh, TUIOMIATh U
Y UHTErPajJIbHOT0 UCUUCIICHUS; 0000IIeHIE 00BEM, ONITUMAJIbHBIC 3HAUCHHUS
M3YUYEHHOTO. HEKOTOPBIX BEJIMYHH.

AJTEBPA
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§11. Kag, suan rpadux dyEEIHE ¥ — f(x), DOCTPORTE rpadmk

dyEEmHEE = EBf(x) . . . o o e e e e e e e e e
§12. Kax, sgas rpadur dysErgun y — f(x), noctporTs rpadmne

GYHROHE ¥ — fMX) . . v v o v i i e s e s i e s e e
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HosTopenne.

15

CTeneHb ¢ HATYpANEHEM, HeNkM H JelicTRBHTeIEHEIM
NOKAa Te TAMHA.

KopeHb crenedn n > 1 | ero ceojicrea. HppauHoHankHEE
YPABHEHHA.

ToxNecTREHHELE NpecdpaIoBAHHA BRpaker i, Brpaxenna,
cojep#alie KopHH n—i cTeneHd. MopaynkL

[peobpasosaiie TPHIOHOMETPHYECKHN BRIpAMKEHHI.

TpHroHoMeTpHYecKHe (VHELHH.

TpHroHOMETpHYSCKHE YPARHEHHS.

Jlorapids | ero ceoiicTea. [lorapHdaigeckie BRpaKeHs.

JlorapiMHYeckde VpaBHEHHA.

JlorapHpMHYECKHE HepaBeHCTRAL

MokasaTeNsHLle YPABHEHHA.

[NokasaTennHbie HepaBcH TR,

MyHKIHH H BX cBoiicTia. [ padukn dyvHknHA. KacarenbHas.

[IpHMeHeHHE NPORIBOTHON K HeCNeaoBaHHIO (YHELHI.

Henonsaopanue BepoATHOCTEN H CTATHCTHEH NIPH pelleHiH
NPHENAIHEIX 38744,

[piMeHeHRE METOIA MATEMATHYECKOTD MOISTHPOBAHHA NPH
pellcHHH pailHIHLIX 34134,
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ot HUMCNOBaA OKPYXHOCTb — CUCTEMa

nnnnnnnnnnnn

COIO3  punakTUYeCKMUx 3aaaHUM

1. /[nuna oyzu eOuHUUHOU OKPYHCHOCHU.
2. Om «xopouwiez0» vucna K mouke.

3. Om «nj1oxo20» uucia K mouke.

4. Om «xopouteity mouKu K 4ucy.

5. Om Oyzu K eé ananumuyeckou 3anucu.




2= 1. [lnnHa ayrn eAUHU4HOU LAS

COIO3  oKpy»XHOCTU

1.1. a) Ilepeas yeTBepTH YHCAOBONH OKPYHHOCTH PasjeleHa HA TPH paBHEIE
uacTi ToukaMu M u N, cunras or A, a sropas — Toukoit K nononam.
Haiimure, uemy passsl gauest ayr AM, AN, AK, BK, MK, CN.

D) Bropas derTBepTh YHCHAOBON OKPVIHHOCTH pasfie/leHa HA TPH pas-
Hele yacTH Touxkamu M u N, cuwras or B, a Tperea — Ha JBe pae-
Hele yacTi Toukoil K. Beruncnure gaunay gyru: BEM, AN, MK, BK,

MD’ EN- €2 GeoGebra Classic
8 [A] >0 04N =
. O = Mepecevenne(OcsAbeuynce, Oct =N
— (0,0)
< : OkpysxHocTb(0, 1)
0]
— x4 yr=1
7 A = Toura(c)
| B
@)
— (1,0 @
© B = Touka(c) H
E —(0.1) ®
C = Touxka(c)
@)
12 - ®©
1 D = Touka(c) H
= Touka(c H
O
— (0, -1) @
13 M = Touxa(c) :
* O
— (0.86, 0.51) ®
N = Touka(c)
L © — (0.51, 0.86) ®
-
K = Touka(c)
@)
— (-0.71, 0.71) ®
15
k| =+ Beop... Q
Q
16
= »
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NABOPATOPUSA

oo 2. OT «xopollero» 4Yncna K Touke

YKaKHUTe Ha YHCJIOBOU OEPYAHHOCTH TOYERY, KOTOpad COOTBETCTBYET

IaHHOMY YHUCIY.

2 5 2
1.3. a) ?n; 6) Fﬂ; B) —%; r) _?n-

29n 27n 267 31n
1.-4. 8.} ?, 6] T, B) ?, I‘) ?.

4n n 22n

(B 8.} ?, B] _ﬁ, ﬂ] T’

o7 4 29

RSP 07 979

BHHCHHTE, KaKoH HeTBEPTH YHCJIOBOH OEPYAHOCTH IONPpHHagIeAHHuT
TOYKAa, COOTBETCTBYVIOIIAA JaHHOMY YHCIIV.

27ﬂ_ 31ﬂ_ 37m 33n

1.11. a} T, 6) T, 6 4 .
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ITPOCBEIITEHHWE NABOPATOPUS

cooz 3. OT «NN0Xoro» YMcna K To4Ke

VramuTe Ha YHCAOROH OKPYIRHOCTH TOUKY, KOTOPAS COOTRETCTRYET
JARHOMY YHCTY.

€ GeoGehra Classic
NP B [SIPANEIRS
& a] 3' 6) 2’ B) 5’5’ ® O = Mepeceyenne(OcsAbcynce, Oct =AY
— (0,0)
|
- ¢ : OkpyskHocTb(0, 1) d
@
— x4+ y?=1
° A = Touka(c) :
10
* — (1,0) ®
B = Touxa(c) H
O
" — (0,1) @
+
C = Touxa(c) :
O
— (-1, 0
(1.0) ® N
‘E o D = Touka(c) :
— (0,-1) ®
f = Orpe3ok(B, D) H
q @ —2
P
g = Orpesok(C, A)
0
— 2
14
b E = Touka(c)
@) D
— (-0.99, 0.14) ®
15 ® d : OyraOxpymuoctu(O, A, E)
+
— 3
Q,
+ Beog...
O 4 »
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ITPOCBEIITEHHWE NABOPATOPUS

cons 4. OT «xopolen» TOUKKU K Yucny

3anumuTe popMynoid Bee YHCNA, KOTOPLIM HA YHCHOROH OKpYIKHO-
CTH COOTEETCTEYeT Touka P.

1.1-'5"! H.} P T]; € GeoGebra Classic
IR B o Y (S PN
® O = MMepeceuenne(OceAbcuucce, Oct =N
3 T — (0,0)
OTBeT. + 27Z-n, n € Z 3 ¢ : OkpyHocTs(0, 1)
4 ® g
—x24yi=1
o A = Touka(c)
12 — (1, 0) ®
B = Touka(c)
O
11 — o ®
Bl
C = Touka(c) :
O
— (-1,0
(-1,0) ® .
13 o D = Touxa(c) H
— (0,-1) ®
f = Orpesok(B, D) H
3 © —2
g = Orpesok(C, A)
@
— 2
14
b P = Touka(c)
O D
— (10.71, 0.71) ®
19 ® d : OyraOxpymuoctu(O, A, P) @,
e
— 2.36 a
=+ Beog,..
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col0s 1PWU KUTA TDUTOHOMETPUM

£

W

1.10. BanumuTe oanol dopmynoil Bece uHena, KOTOPLIM HAa YHcAORON
OKPYHOCTH COOTBETCTEYIOT JAHHLIE TOUKH:

1 dn b LEL
E} EI [I ]‘ EE [T L E3 [T H E‘ [T €7 GeoGebra Classic
NP N P [P AN
® O = Mepeceuenne(OcbAbeuuce, Oct =N
— (0, 0)
T n 1 < Ok :
A : Okpyxrocts(0, 1) : B
- - —_ - e
OrtBerT. 2 ,nel e = —
o A = Touxka(c) : E2 & E1
4 — (1,0) ® h
B = Touka(c) i
@)
11 - ®
|
C = Touka(c)
@)
- ® c wJo A
15 o D = Touka(c) H J
— (0,-1) @
f = Orpesok(B, D) i
13 . — 2
E
® g = Otpeaok(C. A) H L A
-2
14
b o El = Touxa(c)
— (0.71,0.71) ® \“'-——0@—-"/
13 o E2 = Touxa(c) : e
— (-0.71, 0.71) ® a
o E3 = Touxa(c)




== 5. 0T Ayrn K eé aHaMTU4EeCKOU LAS

Wa3aaATEDNDBCT®BO A.T. Mopaxoeuua

CO3  3anucu

HO, 3aMKHYTLIE HJIHM OTKDPEITEIE IYIH. ¥
3amkuymas dyza — 5TO 3HAYUT, B
4TO eé KOHLEl BKJIIOYAlOTCH B pac- —
CMOTpeHHe; omkpsuimas dyza — 310 e ANLS
BHAYUT, 9TO €€ KOHIILI He BKJIIOYAIOT- / AN
cd B pacCMOTpeHHe. /
Kak 114 oTpeskoB U HHTEDPBAJOB, c [ A
HAYANLHYIO 1 KOHEUHYI0 TOUKH JYTH 2] g

Oypem wuzol0paaTk TEMHBIMH HJIH
CEETJILIMH KDPYHOYKAMH; HaIpAaBJe-

\"*-...__

HHe ABIKEeHHSA N0 AYre — NPOMUE \\ y
4yaco6ol cmpeaki (IOIOKHUTeNBHOe \‘\__ "ju,}
HanpasJieHue 06X0Ja OKPYHHOCTH). D

Iyrd 4YUCHIOBOH  OKPYIKHOCTH
MOKHO 3aJlaBATL AHAJIUTHYECKH C :
NOMOIILI JBOIHLIX HEpPABEHCTE. Pue. 17
Pacemorpum saMrHyTYVIO ayry KM,

o
rae Touka K COOTBEeTCTBYeT YHC/IaM BHIA Z + 23'[?1., a Touka M — uuciaam

5m
BHIA ? + 2nn (pue. 17). Touxkn ayru KM cooTBeTCTEYIOT YHcIaM f, A8

KOTOPBIX
14 bm
Z+2rm =t =< ?+2nn,nEZ.

A Temeps COCTABMM AHANUTHYECKYH Moaenb mna ayru MK. Tou-
Ka A(0) maxogures BHyTpu ayru MK, moaroMy K Ha4YaJy OYIrH — K TOY-
ke M — mel aBmxeMcs oT Touku A(0) 8 ompuyamensHoM HANPAGAEHUL.

5m n
3HauHT, rIaBHOoe UMA Touku M He ?, Kak 0bu1o ¥y ayru KM, a _E' Bri-

BOJA: TOUKH Ayru MK cooTBeTCTBYIOT YHCIAM #, A KOTOPBIX

—§+2nn$t€%+2:m,nez.




v Yucnosaa OKPYXXHOCTb Ha

IIPOCBEIITIEHWE
ﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂ U

CO3 KOOPAMHATHOM NNOCKOCTU — CUCTEMA
DUOAKTUYECKUX 3a0aHUMU

1. Koopounamot «xopouiux» mouex:
M (t) = M (X7 ).

2. 3HaKu KOOpoOuHam «nJja0xXux» mouekx.

3. Ilepexoo om oekapmogvix KoopouHam K
KPUBOJIUHECUHDIM.




modmm L. ROOPAMHATBLI «XOPOLLUX»
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COO3S tovek: M (t) =M (X; y)
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modmm L. ROOPAMHATBLI «XOPOLLUX»

nnnnnnnnnnnn

COO3S tovek: M (t) =M (X; y)

(@

-
T
A A _—
B B R
- K 2 |I|
/ \X’l A 30 ;/ N\ L
/ 1~ '/ / \
C 30 \a . C \a . >
9] p J‘ x I\ 9] i x LAY
\ / /
M, ,.-’j \ ,.-’j 7&
D D
Pue. 12 Pue. 13 @

w




o 2. SHAKU KOOPAUHAT «NNOXUX»

ssssssssssss

“Of93  Touek

O

s
- =
a
YraxuTe 3HakM aOcUMCChl M OPAMHATEI JaHHOH TOYKH YHCJIOBOM |E:|J
OKPYVAHOCTH.
3n 2n 23n 33n
2.8. a) ?. D) -E, B) T, r) -T.
2.9. a)2; 6) 3; B) —4; r) —6; n) 7; e) —8.
HKT 2.10. a) 24; 6) 32 B) —45; r) —51; n) 35; e) —86.

@A @ ¥ I
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003 KoopAUHAT K KPUBONUHENHBIM

3. [epexon, OoT AeKapTOoBbIX

2.4,

2.5.

2.6.

HaiimuTe HaUMeHBIIee MOJIOMKATEIBHOS YHCIIO, KOTOpOMY Ha 4YHCIO-
BOI OKDPVEHOCTH COOTBETCTBYET TOYKA M ¢ 3amaHHBIMHA HEOoOpoHHA-
TaMH B neuapmzaﬁ CHCTeMe KOOpIHHAT:

(2 2 1 V3 J3 1
a]j'l-f!rk—g,—E H E]M-E’_E H ,u;]M—z,E,

(3 1) 2 2 1 3
o) MI737 73 M=o OMIT T

HaijimuTe Hanbdonbillee OTPHIATENBHOE YHCI0, KOTOPOMY Ha YHCIO-
BOIl OKPVHOCTH COOTBeTCTBYeT Todka M ¢ 3afaHHBRIMH KOODJAHHA-
TaMH B ,I[EI{.E.IJTDBGﬁ CHCTeMe HOOpDIOHHAT.

V3 1) 1 V3]
3]Ml?-5. B]ME-?.
ﬁ]M~-?,?, I‘]M-?,-?.

HaijiguTe HA 4HCI0OBOH OKPYMHOCTH TOYKHM C JaHHOH abcumccoil u
ZAMUINHTE, KAKUM YHCIAM [ OHH COOTBETCTBYIOT:

J3

a)x = 0; ﬁ]x=5; B]x=-?; I‘]x=-%.
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NABOPATOPUA
M3 A ATENLCGTBDO

COIO3  pmaTemMaTU4ecKoro A3blKa

== OboraweHue LAE

ecan M(t) = M(x; y), To
x =cost, y =sint.

111 v |/ \

//

§ 4. IIoHATNA KOCMHYCA U CUHYCA YUCNA hed<b | 17 ded> b V)
sint|> D B sint = 0 rriny | B
Onpegenexnue. Eciu Touka M 4MCI0BOI OKPYIKHOCTH HA KOOPAHMHATHOM L \\ { ~—
mnockoctu xOy cOOTBeTCTBYeT umeay f, To abenucey Touku M HA3LIBA- ,/ o~ T ™
0T KocHHycoM uucna £ u obosHaualor cost, a opaiuHaty touxu M Ha- - | I | 1 1
3BIBAIOT CHHYCOM YHcIa § 1 0603HAYAIOT sin {. | I 1 !
Hrax (puc. 28), C A C ! A
[} x i o x
1
1
]
1

~N e
M3 onpepeneHuss KOCHHYCA H CH- 4 I~ _/ f'(\*n\ ey
Hyca cpa3sy HnojJydaeTcs leJblil pag B L cost <D ,D . cpst=0 | | ‘D
BAMHBLIX COOTHOIIEHMWA. = e S _ sjn <D . | | sing< 0 | [ | |
1) ITockonsky pnaa abcouccbl U | / 1 I \ 1|
OpAMHATEL JI000H ToukM wHexoBoit | M(H) A | | | Puc. 29 Pue. 30
OKDVHHOCTH BBLINOJMHAIOTCA Hepa- i .
peHcTBa —1 <x<1,-1<y<1,T0 | c 'l sint A | 5) B §2 mur mogpobHO OBCYIHIN, KaK BRIMHCIATE KOODAMHATBI BCeX
oA mwodoro yucsa t: chsf O ] ‘; TOYeK, OTMeueHHEIX Ha makerax No 1 u Ne 2 (cm. ¢. 10). Cocrasum coot-
“1<cost<1, \ / BeTCTBYIONIMe TAOMHILL JJIiA 3HaYeHUi cost u sint.
=1 < sint < 1. \\ / Tabauua 1
~N e
2) Ilockoneky uncnam ¢, t + 2nn, . ~_ | [~ x ﬂ 3n P 3 "
n € Z, cCOOTBeTCTBYEeT OJHA M Ta e D i 0 Z E T b1} ? ? T 2n
TOUKA YHUCJIOBOH OKPYHHOCTH, TO:
cos(t + 2nn) = cost, ] ) cost 1 E 0 _ﬁ -1 _£ 0 E 1
sin(t + 2nn) = sin t. Puc. 28 9 2 9 2
3) ITockoneky x > 0, y = 0 B mepeoii yersepru; x < 0, y > 0 Bo BTO- . V2 J2 J2 J2
. sint 0 — 1 — 0 e -1 e 0
poit uerBepTH; x < 0, y < 0 B Tperkbeii uerBeprH; ¥ > 0, y < 0 B uerBép- 2 2 2 2
TOM HEeTBEPTH, TO MOMHO YHAIATE JHAKH KOUCHHYCH B CHHYCA 10 HeTBep-
TAM YHCJIOBOH OKPYHOCTH — OHH NPEJCTABJIEHEl Ha pucyHre 29, Tabauya 2
4) Ecnu uucny t cooTBeTcTBYeT TOUka M YHCI0OBON OKPYHHOCTH, TO
Yuely —t COOTBETCTBYeT Touka P, cuMMeTpu4Had Touke M OTHOCHTENLHO . n o 2 5m n 4 5n 1in
ocu abemuce (puc. 30). ¥V rouex M u P ogua u Ta xe abcluucca, a 3TO 3Ha- 6 3 3 6 6 3 3 6
quT, 4To cos(—1) = cost. ¥ Touex M u P papHEIe 10 MOZYJIH, HO NIPOTHEO-
NOJIOMKHEIE 0 3HAKY OPIAHWHATLI, a 9T0 3HAYHUT, 4TO sin(—t) = —sin {. Hraxk, cost E 1 1 _E _E 1 1 E
s noboro uncna 2 2 2 2 2 2 2 2
cos(—1t) = cost, sint % E E % -3 -E —E —%
sin(—t) = —sint. 2 2 2 2
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MaTEMATUHECKOTIO A3blKa

§ 6. CooTHOLIEHUA MEXAY
TPUTOHOMETPUYECKUMU PyHKIUAMKN

B §4 mur y3uanu, 4To KaKAOMY LeHCTBHTENEHOMY YHCIY { 110 onpeje-
JNEHHOMY HPABUJY [OCTABJIEHEI B COOTBETCTBHE 4Wucjia cost W sint; ato
IBe HOBBIe (DYHKIMW: KOCUHYC U CUHYC YUCIOBOrO apryMenTta. B §5 M1
Y3HAIH, YTO AJdA JI060ro JonycmuMozo 3HAYEHHA | MOMHO BBIYHCIHUTL
tgt u ctgt. 3HAYUT, MONAYYaAEM ellé [Be HOBble QVHKIMU: MAHZEHC U KO-
makHzeHe YUCIOBOTO APIYMEHTA. JTH dYeThipe QYHKIHEH (8 = sint,
s =cost, s =1gt, s = ctgt) HasbiBalOT MpuUzOHOMEMPUYECKUMU PYHIK-
YUAMU YUCTIO6020 apzymMeHmd.

VeTaHoBMM OpOCTeiIiHe COOTHOIIEHHS MeXAY ITHMH (QYHKIWSIMHA.
IlepBoe U3 HUX — COOTHOHIEHHE MeXJV KOCHHYCOM H CHHYCOM — HA3BI-
BAlOT ero OCHOSHbLM mpuzoHomMempudeckum moxcdecmeom. Dopmyna
BRITJIAAHT TAK:

cos?t + sin?t = 1. (1)

Hoxaxem dopmyay (1). ITyers Touxa M(x; y) 4UCI0BOH OKPYHHOCTH
coorserctByer uueay t. Torma x = cost, y = sint u x? + y? = 1, Tak Kak
YHCIOBAA OKDPYHKHOCTE — OTO OKPYIKHOCTE paguycoM 1 ¥ ¢ [eHTpoM B Ha-
uane koopauuar. Iloaromy cos?t + sin?t = 1.

Herpyauo MOJYYWUTL COOTHOLIEHHWe, CBA3bIBaioniee tgt u ctgt. Cmo-
TpUTEe:

sint cost
tgt = , ctgt=——,
cost sint
sint cost
tgt - ctgt = —=
cost sint

OTH pacCyRACHHS CHPABEAJIHBEI IPH VCIOBHH, 4TO cost + 0, sint # 0.
IloceaHne ABa COOTHOLIEHHS 03HAYAIOT, YTO HeNb3s OpaTh TAKHE 3Ha4Ye-

n 31
HHA aprymenTa t: 0, iE, +m, i?, +2n u 1. A. O6061mas, MOXKHO CKA3AThH

x nn
rtak: «CoorHomenus cost # 0, sint » ( BRINOAHAIOTCA OPH ¢ + T Urax,

tgt-ctgt =1, t*%;nel. (2)

l Ipumep 1 VYOpocTHTEL BRIpAMKEHHE:
a) 1l + tg?t; 6)1 + ctg?t.

Pemenue.
sin®t  cos®t + sin?t 1
a)l+tg?t =1+ - - 3
) € cos?t cos®t cos®t
cos®t sin®t + cos®t 1
6)1+ctg?t =1+ - - 2
) € sin®t sin®t sin®t '
MEI DONYYHIH enIé ABe BaskHLIC (DOPMYIILI:
1+ tg2t = Lt 2 4 nn; (3)
cos®t 2
1+ ctg?t - t* (4)
¢ -— nn.
sin?t

Dopmyasl (1)—(4) uenonsayioTes, HaOpHMep, B TeX cay4asax, Korja
OpH 3aJaHHOM 3HAYEHHH Kakoii-1ubo TpHroHOMeTpHYecKoll (QYHKIHH
Tpebyercs BEIYHCAHTEL 3HAYCHHS APYPHX TPHIOHOMETPHYECKHX (QyHKIHI
TOrO 7K€ apryMeHTa.

3 n
I Ipumep 2 HasecTHO, 9TO Sint = Y < t < m. BelunenanTs cost, tgt,
ctgt.
Pemrenme. Bocnonsayemes dopmysoit cos®t + sin®t = 1. Ua meé cueay-
erT, 9To

3}2_1 9 _16
25 25

coszt-l—sinzt-l—[g

H
H
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OboraweHue

I IIpuMep 3 Pemurs ypaBHEeHHE:
a)cost=10; 0)cost=1; B)cost=—1.

Pemrenue. a) Kocurye — abcyueca TOYKM { HA YHCJIOBON OKDPYHHOCTH,
3HAYUT, HAM HYKHO HaliTH Ha YHUCJIOBOH OKPY/KHOCTH TOYKH ¢ abciuccoit
0 u sanucaTh, KAKHM YHCJIAM { OHU COOTBETCTBYIOT.

Abcruccy 0 mmetor toukn B u D (cm. puc. 30), OHH COOTBETCTBYIOT

3
qucaam % + 2nn (rouxa B) u ?n + 2nn (Touxa D). O6obmas, 9To0 MOMKHO

m
3anmcaTh Tak: TOUKd B u D COOTBETCTBYIOT YHCJIaAM BHIA 2 + nn.

I
HWrak, pemenus ypasaerus cost = () umeror Bujg t = E +nn,neZ.

0) AGcumecy 1 umeer Touka A UMCIAOBOI OKpy:KHOCTH (cM. puc. 30),
oHa coorBercTByer uyucaam 0 + 2nn, 1. e. 2nn.

Urak, pemmenus ypasHEeHUA cost = 1 umeroT Bug ¢ = 2nn, n € Z.

B) Abcuuccy —1 mmeer Tourka C umciaoBoi okpysxHOCcTH (cM. puc. 30),
OHA COOTBETCTBYET uHcaM 7 + 2mn.

HNrak, pemenwa ypaBHeHus cost = —1 wumetor Bua &= n + 2mn,
neZz. [ ]
cosx=0

X=£+7zk,keZ
2

cosx=1 x=27zk,keZ

cosx =-1 x=r(1+2k),keZ

LAS

NABOPATOPUA

A.T. Mopaxosuua

I Ipumep 4 PemuTes ypaBHeHHE:
a)sint=0; ©0)sint=1; B)sint=—1.

Pemrenue, a) Cunyc — opAWHATA TOYKH { HA YUCIOBOH OKDYKHOCTH,
3HAYNT, HAM HY:KHO HANTHA HA YHMCJIOBOH OKPYHKHOCTH TOYKH C OPIMHATOH
0 u sanmcarb, KAKMM YHCJIAM ¢ OHH COOTBETCTBYIOT.

Opaunatry 0 umetor Toukn A u C (cMm. pue. 30), OHH COOTBETCTBYIOT
yucaam 0 + 2mn, T. e. 2nn (Touka A) u nn + 2nn (rouka C). O6obiasd, sTo
MOSKHO 3aIHCATh Tak: TOUKH A u C COOTBETCTBYIOT UMCJIaM BHAA TN,

WUrak, pemenns ypasHenud sint = 0 umeror BUx ¢t = mn, n € Z.

6) Opaunary 1 umeer Touka B umMcnoBOil okpy:KHOCTH (e¢M. puc. 30),

mn
OHA COOTBETCTBYET YMCJAM BHIA 2 + 2nn. WUrak, pelleHHMA ypaBHEHHA

n
sint = 1 umeror Bun t = —+ 2nn, n € Z.

2

B) OpgunaTty —1 umeer Touka D umciaoBoi okpys:kHOCTH (cM. puc. 30),

It
OHa COOTBeTCTBYeT HHCJaM BHIOA —E + 2nn. HTal{, PellieHUA ypaBHEHHA

. T
sint = 1 umeror Bug ¢ :—E+2:r[n, neZ. [ |

Xx=xk,keZ

T

sinx=0

sinx=1 x=5+2nkkez

sinx=-1

X:—%+2ﬂk,keZ

AJITEEPA
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§ 25, dopMynbl npuBeAeHUA

B rnase 1 Mbl HO3HAKOMHIHCE ¢ (POPMYJIAMHE, CBA3LIBAIOIIUMH TPUTO-
HOMeTpHYecKUue (PYHKIMH OJHOI0 M TOTO e apryMenTa. Bor stu dopmyiisi:

1
cos’x +sinx =1, 1+tg2x=—2.
Ccos“ X
tgx-ctgx =1, l+ectg’x =—5—.
sin? x

B oToit rmase Ml MayaEM emié pAx dopMya, KOTOpEIe GVAeM HCOOALIO-
BATE AIA IPe0oDpPa30BAHHA TPHIMOHOMETPHYECKHX BEIDEGECHHI H LA pe-
OICHHA TPHTOHOMETPHICCKHX YVPABHeHHH.

Hawniém ¢ Tak HaameaeMEx dopMmyn npuBefaenua. Ecru mog smaxom

. nn
rpuronoMerpuieckoil Gyuxuun T cogep:xuTea BhIpajceHHe BHAA ? + x,

n € Z, T0, OKAa3bIBAETCH, BhIDaMEeHHE T MO#HO IPHBECTH K Doulee

mn
—+x
2

OpPOCTOMY BHAY, OPH KOTOPOM N0 3HAKOM TPHUMOHOMETpHUecKOH GyHEK-
oun GYeT coepsKATRCA TOJRKO apryMenT x. CooTReTCTEYIONIHE (DOPMYJIIEI
ofiLiMH0 HazwBaoT gopmyaanu npusedenus. Hexotopuie ma stux dop-
MyJ MBI DOayauaH B raase 1 (em. §5, 10):

sin(m + x) = —sinx;

cos(m + x) = —cosx;

tg(n+x)=tgx;
ctg(m + x) = ctgx;

cos[E — Xx|=sinx
2 .

DopmyJs1 HIpUBEAEHUs MHOI0, HO ecTbh yAOOHBIH crnocold uX 3anoMuHAa-

Hus. OH cOCTOUT U3 TPEX NOJIOMKEHUH.

1. Ecau nos 3HaKOM 3a1laHHOMH TPUIOHOMETPHYECKOH (hyHKIHU coxep-
JKUTCH BhIpasKeHme n + X, 1 — X, 2n + x wam 21 — X, TO HAUMEHOBa-
HHE TPHUIOHOMETPHYECKONH (DYHKIMM OT apryMeHTa x OyjaeT TakuM

JKe, KaKk y 3agaHHoi GyHKImuu.

2. Ecain nmoj 3HAKOM 3aJlaHHON TPUIOHOMETPHUYECKON GyHKIUH co-
b a 31 3n

AEePIKUTCH BhIPAXKeHUe 2 + x, T Xs =N + x, T X, TO HAMMEHOBa-
HHE TPHTOHOMETPHYECKOM (PYHKIHH OT apryMeHTa X cJeAyeT uaMme-
HHTh HA POJACTBEHHOE (CHMHYC — HA KOCHHYC, KOCHHYC — HA CHHYC,
TAHTEHC — HA KOTAHTEHC, KOTAHT@HC — Ha TAHTEHC).

3. Ilepex monyuenHO# QYHKOHMEH OT apryMeHTa X CHAeAYyeT MOCTABUTE
TOT 3HAK, KOTOPBIH uMesa Obl npeodpasyemas (YHKIHUA OPH YCJIO-

)4
Bun.-rr00<x<-2—.

IIpumeruM, HanpuMep, 3TO NPABWJIO K BhIpakeHuIo sin(n + x). Ha-
UMeHOBaHue QYHKLUMM COXpaHAeTrcs, T. €. 3anuceiBaeM sinx. lanee, ecan

mn
NPEANOI0KNATE, 4To 0 < x < PY TO T + X — aprymMeHT U3 TPeTheil YeTsep-

TH, & B Heil npeobOpasyemMas QYHKIHS CHHYC MMEEeT 3HAK «MHHYC». JTOT
3HAK HAA0 TIOCTABUTE Tepejl 3anmmcaHHoil dyukmueir. Takum obpazowm,
sin(m + x) = —sinx, Kak ¥ 3anMcaHo BeIIe Ha c¢. 185.

Emé npumep. ITpumenum chopmMyImpoBaHHOe MHEMOHUYECKOe! npa-

6us0 nnsi npeobpASOBAHMS BBIPDAKEHHA Sin

31
= + x|. Haummenosanme

(DYHKIMM M3MEHAETCH, T. €. 3alUChIBAEM COSX. Hanee, ecan npeamnosao-

n 31 2
KUTh, uT0 0 < x < 2 0 > + X — apryMeHT M3 YeTBEPTON YeTBepTH, a B

Hel npeobpasyeMas QYHKIHA CHHYC HMeeT 3HAK «MHHYC». JTOT 3HAK Ha-
J0 TOCTaBHTHL Tepex 3ammcanuHoi ¢ymknueir. Taxkum obpasom,
. [3m 4
sin 3 x

ChopMyJIMPOBAHHOE MHEMOHHYECKOEe NMPaBUJIO UCIIOJbL3yeTcs M B Tex
caydasiX, KOra apryMeHT 3aJlaH B rpajiycax, T. €. KOrZia Ioj 3HaKOM TpH-
FOHOMETPHYECKON (YHKUMHM comep:kuTca BhIpaskeHme 90° + a, 90° — a,
180° + a u 1. a. IIpeobpasyem, Hanpumep, sin(360° — a). Haumenosanue
(yHKIMM caeayeTr coxpaHuTs (360° = 2n): numem sin a. dazxee, ecan cum-
TaTh, 4ro 0 < a < 90°, noayuum, yro 360° — a — aprymMeHT u3 4eTBéproit
YeTBEPTH, B KOTOpPOU npeoOpasyemas (DYHKUHMA CHHYC MMEET 3HAK «MH-
HyC». DTOT 3HAK HAJ0 NOCTAaBUTh Nepej sanucaHHoi dpyHkumeii. ITonyya-
em: sin(360° — a) = —sina.

= —COSX, KAK M JoKasaHo Ha c. 186.

! Or rpeu. mnemonikon — MCKYCCTBO 3aMOMMHAHMA.

AJITEEPA

MATEMATHICA
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Ilpunoxenue K § 26
ﬂm{aaarenhcmo TeopeMbl CNOXKEHUA

ITockoabky B [JOKA3ATE/NLCTBE HCHOAL3YETCH MOLENb +«4UCIoBasN
OKPYKHOCTh Ha KOODAWHATHON miockoetn xOye, Ham Oymer ynoGHee B
opMyrax BMecTO X, I IHCATE O, [3.

HoxaskeM GOpMYIY ¢« KOCHHYC PASHOCTH»:

cos(o — ) = cosacos} + sinasin 3.

Panm HaIIATHOCTH, OTPAHMYHMCA CAYYAeM, KOTa
n n
O<a<=, 0<f<-=
2 2

OrMeTHM Ha YHUCI0BOH OKPYAHOCTH, PACIOIOKeHHON B KOODIHHATHOMN
maockocTH, Touki A(a) 1 B(f). IekapToBsl KOOPAWHATEI 3THX TOUEK TAKO-
eBel (puc. 129):

A(a) = A(cosa, sina), v
B(B) = B(cos P, sin ). L1

PaccvorpuM BeKTOPEI OA u OB.
Ilo ompeneneHHI0 CKANAPHOTO IPOH3-
BEACHUA BeKTOPOB (CKANAPHOE IIpO-
HM3BEJIEHNE MRYX BEKTODPOR PARHO TTPO-
H3BEIEHHI) MOIVJIeH STHX BeKTOPOB
HA KOCHHYC VIVIA MEeMIy HHMH) HMe-
em: OA - OB = [0A|-|0B| - cos £A0B.
Tar xak paguyc YHCIOBOH OKPYHHO-
cri pasen 1, To oAl =1 u [0B = 1. \\___/
Henrpaneurit yron AOB pasen
(e — (). 3mauur,

OA - OB = cos(a — f). 1)

C apyroil cTOpoHBI, TAK KAK BEH-

B

Puc. 129

Topel OA n OB umetor Hauano B Touke (0; 0), To Ux KOOPAHHATEHI COBIA-
AA0T ¢ KoopAHHaTaMH Todek A wm B, 1. e. nmeem: OA (cosa; sina),

OB (cos f3; sin 3). Torza no croficTRY cRAJTAPHOTO TPOHAREIEHNA BEKTOPOR
(cransapHOe HPONU3BEIeHHe IBYX BEeKTOPOB PABHO CYMMe HPOM3BEIeHNI X
COOTBETCTBYIONIHY KOOPAHWHAT) BEIMOAHAETCA PABEHCTBO!

OA - OB = cosacosp + sinasinp. (2)

Taxwm obpazom, Mz paeHcTE (1) 1 (2) moayTaeM GOPMYIY «KOCHHYC
PasHOCTH &1

cos(o — ) = cosacos 3 + sinasin .

JnA BEIBOAA (DOPMYIBI «KOCHHYC CYMMEBI» BOCTIONB3VEMCA CBOMCTBAMH
He4w@THOCTH CHHYCA M HETHOCTH KocHuHyca: sin(—t) = —sint; cos(—t) = cost.
Hneen:

cos{a + () = cos(a — (—[3)) = cosacos(—f) + sina sin(—p) =
=cosa cosf — sina sin 3.

JIlna BBEIBOAA (POPMYNBl ¢«CHHYC CYMMEBI? BOCTIONE3YeMCA (hopMyTaMHa
K T P L .
OpuUBegeHMA: Ssint = CGS(E - t], cost = sm[E — t] U Ve JOKAIAHHON

thopMyJI0H KOCWHYCA PA3HOCTH JIBYX apTyMeHTOR.

%—u—ﬁ]=cus[[%—u]—ﬁ]=

7 N L . . .
ra a]cosﬁ + sm[E - a]smﬁ = ginacosp + cosasinf.

7T
E—{a+[3)]=cas

sin{a + B) = cos

= CO8

Hra,
sin{a + () = sina cosf + cosa sin .
Ocranock NONYYATE (POPMYIY ¢CHHYC PA3HOCTH#, IPH 3TOM Oy/eM He-
[IOJAL3OBATE Yile NOKAZAHHYI0 (DOPMYJIY ¢CHHYC CYMMBL®{
sin(a — f) = sin(a + (—p)) = sinacos(—p) + cosasin(—f) =
= sinacos i} — cosasin 5.

cos(x — y) =cosx cosy + sinx siny,
cos{x + y) =cosx cosy — sinx siny,
sin(x — y) =sinx cosy — cosx siny,
sin(x + y)=sinx cosy + cosx siny.
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B npeasigynem naparpade MBI TOBOPHJIH O TOM, KaK CHHYC MJIH KOCH-
HYC CYMMEI MJIH Pa3HOCTH APIryMeHTOB BBIPA3HUTE Uepe3 CMHYCBI U KOCH-
HYCBI apryMeHTOB. TBHEph BBIACHHM, KakK obcrouT OejJ0 B aHaJJOrmIHOM
cayuae AJIA TaHTeHca. BOT Kak BRIMIAAAT (GOPMYJILI TAHTEHCA CYMMEI
(pasHOCTH) apPryMEHTOB:

tgx + tgy

tg(x +y) = 1-—texten tgxtgy;
_ oy BX—t8Y
te(x —y) 1+tgxtgy’

OGe ¢opMynbl BEepHBI HOPH OONYCTHMBIX 3HAYEHHAX AapryMeHTOB,

s T frd
T. €. IIPH YCJIOBHH, YTO x¢§+ﬂn, y#—'5+:rtk, x+y¢5+nm (s

n
nepBoii GopmMyasl), X — Y + 9 + um (naA BTOpPOH (OpMYJIbI).

DIokameM dopmyny Taurenca cymmer. Umeem:

sin(x + y) _ sinxcosy + cosx siny
cos(x +y) cosxcosy — sinxsiny

tg(x +y) =

Paznenum B nonyueHHOH ApPoOH UMCAUTENHh M 3HAMEHATENb IMOYJIEHHO
Ha COS X COS Y (3TO BOBMOJKHO, ITOCKOJIBKY C0SX cosy # () mpu HOmyCcTUMBIX
3HAUEHUAX X U }J):

sinxcosy +cosxsiny sinx n siny
COSXCOSY COSXCOSYy _ COSX COSYy _ tgx + tgy
cosxcosy sinxsiny 1— sinx ) siny 1—tgxtgy’
COSXCOSY COSXCOSY cosx cosy

tgx + tgy

Urax, tg(x +y) = 1—tgxtey

AnaoruyHo BRIBOAUTCA (OPMYJa «TAHIeHC Pa3HOCTH» .

LAS

NABOPATOPUA

PaccmorpuMm BrIpaskeHHe sin 2x, IpeACTaBUB IPpU 3TOM 2X B BHJIeE
x + x. IIppMeHMM K BhIpaMkeHHIO sin (x + x) GOopMyJay CHHYCA CYMMBI:

sin 2x = sin(x + x) = sinxcosx + cosxsinx = 2 sinx cos x.

Hrax,

sin 2x = 2sinxcosx.

PaCCMOTpHM BbIpayXeHHue COS Zx, npeacraBldB IIPDH 3TOM 2x B BHIE
x + x. IlpuyMeHUM K BhIpaskeHUIO cos (X + xX) hopMynay KOCHHYCA CYMMBI:

cos 2x = cos(x + x) = cosxcosx — sinxsinx = cos?x — sin?x.

Hrax,

cos 2x = cos? x — sin? x.

Paccmorpum BeIpaskenme tg2x, mpepcraBHB IIpH 3TOM 2X B BHIE
x + x. IlpumeHHM K BhIpakeHHio tg (x + x) dopmyay TaHreHCA CYMMBI:

tgx +tgx 2tgx
tg(x + x) = — .
&( ) 1-tgxtgx 1-—tglx
Hrax,
2tgx
tg2x = —————.
gax 1—tg?x
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§ 29. PopMyNbI MOHUKEHUA CTENIEHU

=J

Ecau B popmyie cos 2x = cos?x — sin® x samennuTs sin®x Ha 1 — cos?x,
HOMYIHM:

cos2x = cos®x — sin®x = cos®x — (1 — cos®x) = 2cos®x — 1.

(&

Tarkum ofpazom, cos2x = 2cos?x — 1. 3uaunr,

1+ cos2x

g y =
cos? x
2

Ecau B dpopmyne cos 2x = cos? x — sin® x samesuTh cos? x na 1 — sin? x,
HOAYIHM:

cos 2x = cos?x — sin®x = (1 — sin®x) — sin®x = 1 — 2sin®x.

Taxnm o6pazoM, cos 2x = 1 — 2sin? x, araunT,

_ 1 —cos2x
—

sin®x

Jna ynobcTea HCOONEBE30BAHHA MOAYVYEHHEIX (hopMmyn OyaeM HA3LIBATL
HX ghopmynamu nonuncenuna cmeneru. Ilogemy tax? I[loTtoMy uTO B mesoi
gacTH obeHx (OPMYNI TPHrOHOMETpHYecKad (YVHKIMA OpeJcTABIeHA BO
BTOpO CTENEHH, A B NIpaBoil — B nmepsBod cTenenn. Ho BamM mosker BeTpe-
THTECA B APYT0i BADHAHT HASBAHHA 5THX GOPMYyT — Qopmyast nOA0SUHN-
Hozo apzymenma. Ilogemy Tax? IloToMy uTO aprymMeHT ¥ TPHTOHOMETDH-
yecKoll (DYHKIHH B JIeBOH dJacTH 00eHX (hopMVJI pPABEH NOJOBHHE ApPry-
MEHTa TPHIOHOMETpHYeCcKOH (DYHKIIHH B NIpaBoil 4acTH.

Ilpumenasa ykazaHHBIe ABe (popmyJsbl, OVAETe BHHMAaTENbHBI: CTENeHb
NOHHEAETCA, 3aTO APrYMeHT VIBaHBaeTCH.

® 9 » I

w
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Bbl 3HaeTe, YTO OJHMM M3 OCHOBHBIX METOAOB DElIeHHUS TPUIOHOME- I ) -
TPHYECKMX YpDaBHEHMIl SBJISETCH METOJ PA3JIOKEHHs HA MHOMKHTEIH. eopema 2 («pasHOCTh CHHYCOB»). PagHocTs ciiycos ABYX apryMenTos cH
B arom naparpacde peub noiaér o dyernipéx cgopmysax, ocobeHHO moJies- PARHA YABOGHHOMY TIDOHIBEACHIHIO CHHYCA NOMYDAIHOCTH OTHX apry- III

= MEeHTOB HA KOCHHYVC HX IIO L MBEI.
HBIX IIPDH DEIIeHHH TPHIOHOMEeTPDHYeCKHX YpaBHeHHH, IIOCKOJIBKY OHH I10- ¥ ycys

3BOJISIIOT CYMMY WJIM PA3HOCTH CHHYCOB HJIM KOCHHYCOB pasJIOKUTH Ha
MHOMKHTENH. 3aMe4YaTeJbHO, YTO 9TH HOBbIE HeThbipe (GOPMYJIBI MOryT
ObITh HOJIY4YeHbl U3 yiKe u3BecTHbIX Gopmyia (§26), xKorophie MBI 3amu-
1ieM, HOMEHSIB HAUMEHOBAHHS II€PEeMEeHHbIX:

HoxazatenbcTB0. MoxHO AelicTBOBATE, KAK H BHIIIEe, BRIYHTAA pPABEH-
cTieO (3) U3 paeeHcTBa (4). Ho mMo:xHO nelicTBoBaTE H OwlcTpee. B paBeH-
cTBO (5) BMecTO Y NOACTABHM —Y. YYHUTBIBASA HEYETHOCTR CHHYCA, MOJV-

x+(—y) o8 — (—v) .

(&

cos(z — t) = coszcost + sinzsint (1) aAM sinx + sin(—y) = 2sin 2 2 mn
cos(z + t) = coszcost — sinzsint (2)
sin(z — t) = sinzcost — coszsint (3)
i = gi i x— x+
sin(z + t) = sinzcost + coszsint (4) ginx — siny = 2sin 5 Hms ; y_ (6)

Teopema 1 («cymma cuHycoe»). CymMMa CHHYCOB ABYX apryMeHTOB PaB-
Ha VABOEHHOMY NMPOH3BEIEHHI0 CHHYCA MOJYCYMMBI 3THX APTYMEHTOB
HA KOCHHYC HX MOJYPA3HOCTH.

Teopema 3 («cymma xocuHycos»). CymMmMa KOCHHYCOB ABYX apryMeHTOB
paBHA Y[ABOEHHOMY NPOH3BEJEHHIO KOCHHYCA IMOJYCYyMMEI HAa KOCH-
HyC TIOJIYyPA3HOCTH 3THX APTYMEHTOB.

HoxazarenscrBo. Ilounenno cnoxum pasenctea (4) u (3):

sin(z + t) + sin(z — t) =
= (sinzcost + coszsint) + (sinzcost —coszsint) = 2sinzcost.

Hrag, sin(z + t) + sin(z — t) = 2sinzcost.

OGosHaumm x=2z+t, y=z—t. Torma x+y=2z, x—y=2t,

X + x —
= y I = yn, 3HAYHT,

2’ 2

+y x—uy (5)

. . X
sinx + siny = 2sin cos .

Hokasarenbcrso. [Tounesno cinoxum pasescrsa (2) u (1):

cos(z +t) +cos(z—1t)=
= (coszcost — sinzsint) + (coszcost + sinzsint) = 2cos zcost.

Hrak, cos(z +t) + cos(z — t) = 2coszcost.

IeitcTBys aanee, Kak B Teopeme 1, mojgyyaem:

+ -
cosx+cosy-2cosx2 ycosxzy. (7)

@A @ ¥ I

S




t
e p06 nema’

Pemnre ypaBHEHUE  cos x +2x% —3c0s xy/X* +1+2 =0. —
Pemenne C0S2 X +2X% +2 = 3c0s X/ X% +1 -
(coszx+2x2+2)2 =9cos” x(x* +1) (]
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ITokasaTenbHbie
U norapudpmuueckue pyHKuuUU

8§ 46. IlokasaTenbHble QYHKUUU

B npeasiayieil rimaBe Mbl y3HAJIM, YTO Takoe a*, rjge ocHoOBaHUe a —
OJIOMKUTEIBHOe YHCJI0, a IoKasarTelb cTeneHu — Jioboe eificTBUTe/IbHOE
qHc0. 3HAYHUT, MOKHO MOBOPUTE B 0 PYHKIUK y = a*, oIpelesIEHHON Ha
MHOJKeCTBe BceX JeMCTBUTENBHBLIX 4Yucel. PyHKIUI0 BHJIA Yy = a*, rae
a>0, a#1, HaspIBAlOT nokasamenbHoll @yHkyueir. Cuaydaii, Korza
a = 1, UCKJIIOYAIOT, HOCKOJBLKY AJifA JiI000Oro nmoxkasartesis X BBIIIOJIHAETCH
paBeHCcTBO 1* = 1 1 nmojy4yaeTcd IoCcTOAHHAA pyHKIUA iy = 1.

IToxasarenbHble PYHKIMKN YacTO BCTPEYAIOTCA B peajbHBIX CUTYaI[U-
Ax. Hanpumep, dopmyiisl, cBA3aHHbIe ¢ [IOKasaTeJlbHOH (GyHKIMel, uc-
NOJb3YVIOTCA B KAYECTBE OCHOBHBIX:

— B DAHKOBCKOM jieJie IPHA HelpepbIBHOM HAYHMC/IEHHH CJA0XKHBIX MPO-
[eHTOB;

— B (U3UKe IIPU HCCIeJOBAHHH 3aKOHOB PaJHOaKTHBHOTO pacrama
BeIecTBa;

— B OMOJIOTHM TIPHU OIEHKEe POCTA YHCJIEHHOCTH MOMYJJIANHHA KHUBBIX
OpPraHMU3MOB;

— B IT-uHAYCTPUM OpPHM MJIAHUPOBAHWH pPOCTA YHUCIA TMOAMHCYHKOB
VCIIeNTHOH cOIMalIbHON ceTH.

PacnpocrpaHéHHOCTh, TTOKA3aTeNbHBIX (DYHKIUA cBsA3aHa C TE€M, 4TO
UMY OIMMUCBIBAIOT MPOIECChI, B KOTOPbIX CKOPOCTh M3MEHEHHUS BeJHYNHBI
OpsAMO MPOMOPIHOHATBHA 3HAUEHUIO BEJIMUUHBI.

ITocTpoum rpaduk moxkasarenbHoON GYHKIIUKA ¢ ocHOBaHuem 6osasbire 1.
Pacemorpum B KauecTBe npumepa (QyHKIHIO y = 2%, cocraBuM Tabiuily
3HAYEeHUH A 3TOH PYHKIIUH:

x 0 1 2 3 -1 -2 -3
1 1 1
y 1 2 4 8 5 " 3

LAS

NABOPATOPUSA

2y

—

NS

'S

bo

o

=Y

-

B

=Y

IMoerpoum touxu (0; 1), (1; 2), (2; 4), (3; 8),

(+3)

HEeKOTOpPYIO JUHHIO, HpoBenaém eé (puc. 170, 6).
I[Momo6uBI Bujg wumeer rpadur g0b0H ToKazaTelbHOH G(QYHKIIMH

y=a*,raea > 1.

Puc. 170

(3 (

Ha KoopauHATHOI miuockoctu xOy (puc. 170, a), oHH HaMeyaroT

4
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»
npoca?mmm IloKa3aTenbHbIe LAS (@]
W30ATERNRBCTEBO “ norap“¢M“quH“e ¢yHKu““
COl03 -

L L=
8§ 46. IlokasaTenbHble QYHKUUU ch=
PemnTte ypapaenne.
46.13. a) 3* = 4 — x; r) 5 = 35 - 5ux; |||
1 x - ) l x - )
ﬁ}(gj - dxesls ”}(7] ~#3; KT 46.14. a) 2% = \[x +1;

m(3) -mgms () - ]

h)
X == - l ’ — = - i
HKT 46.14. a) 27 =[x +1; p)(4] 1=Jx; : I_.}
L
6) 0,25 = -2 . ) 3 =3, 3! m\
x x
1 X
B}[E) =x+3; e) T7*=9 - 2x. H 8
] B
46,15. Pemute HepaBeHCTEO!
a) 5* = 125; r) 6+ > 1296; 15
21~ 16 21" . 32 °
6)2) <16, 2V 32,
}(5] 625 ”)(3] 243 // @
ro L. Yy
B} 11 { ]21 : E] ( 12 ] } 144 . 4 -35 -3 -25 -2 -1.5 -1 —0.5 0 05 1 15 2 25 3 35 4 45 5 5!
HHKT 46.16. a) [Ipn xaxux sEadeHHAX X rpaduy QVHKIHH § = 2% IeMHT HHEEe . @
rpajdura pyEroun y = —1,5x - 1?2
xX =15
@) Ilpn raxkux sHaveHNAX ¥ rpadpur QyERIHE I = [%] JEHUT
HH:Ee rpaduka QyHKOHE § = 3x + 17 2 " F
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§ 47. IloHAaTuE KacaTenbHOMN.
Yucno e n pyHKkyua y = e*

YA YA

— |
-
=

-y

X
S X
N‘{ L

~ ~

-t
\
N
~ [
~~
~h
=Y

N
o

Puc. 177 Puc. 178

BaC CIIPOCAT, KAKYI0 M3 3THX OPAMBIX MOMHO HA3BATL KACAMEJIbHOU K
napaboJie, Bbl, ONUPAasAch HA WHTYUIIHIO, CKa’KeTe, UTO KacaTeJLHON sB-
Jasgercsl ochk abcmuce. M aTo OyzeT mpaBUJIBHO. A KaK ONpPEeAeJHTh Kaca-
TeIBHYI0 K rpadury GyHKIIUM B HEKOTOPOH ToukKe B 00IeM cayuae? Ilo-
TOBOpPUM 00 STOM.

Hana xpusaa L — rpadux HexoTopoil dyuKIuu (puc. 178), Ha rpadu-
Ke BeIOpana Touka M. Hy:XHO mpoBecTH KacaTelbHYI0 K dTOMY rpauky B
Touke M. Paccyxxpaem ciaegyomuM oopazoMm. BosapbMéM emié ogHy TOUKY Ha
aroul KpuBoii — Touky P. IIposeném cexyiunyiwo MP. BodabMéM Ha KPUBOU
Touky P, mobuamixe K M, nposeléMm cekyinyro MP,, saTeM Touky P, emé
6mmxe ¥ M u npoBenéM cekymiyio MP, u T. 1. Kak Bunure, cekyniaa Us-
MEeHSET CBOE TOJIO}KEeHUe, OHA KakK OBl TOBOPAUYMBAETCS BOKPYT TOUKH M.
YacTto ObIBaeT Tak, YTO B 3TOM IIPOIIECCE CEKYIllad MPUOIUMKAETCA K HEKO-
TOPOMY TIPEIeTbHOMY TOJOMKEHUID. ITY TMPAMYI0 — IIPEeAeJbHOe TOJIoKe-
HUE CeKYIel — Ha3BLIBAIOT KacamenbvHoll Kk kpusoii L 8 mouke M.

HKT

LAS

NABOPATOPUSA

Ecnu, B yacTHOCTH, Ha nmapaboje y = x2 B3ATH TOYKY P, IpoBecTHu ce-
rkymyo OP, sareM HauaTs OpuOIMKATE TOuKy P mo mapabosae K Toure O
M IPOBOAUTL CEKYIIHe, TO Bhl YBUIHTE, YTO IIPEAeJbHBLIM II0JOMKEeHUeM
9THX CEeKyIIuX OyIeT och abCIHCC, HMEHHO OHA M SABJIAETCA KacaTelbHOH
K mapaGoie B Touke (0, YTO COOTBETCTBYET HAIIUM HHTYHUTHBHBIM IIpel-
CTABJIEHUAM.

IIposeném B Touke x = () KacaTeJbHble K rpa@MKaM TPEX MOKA3ATENb-
HBIX QyHKIUi y = 2%, y = 3* u y = 10~ (puc. 179, 180, 181). Bugum, uTo
yeM 0OJILIIIE OCHOBAHME, TeM OOJbIIe YIroJ HaKJ0OHA KACATeJIbLHON H OCH

yi YA Ui
J 1
y=2° Ly y = 10° |
/ /
/ /
Lol /
/

1 / 1 / | ! 1 !
A oA A
o 1 | | = SCEERERN fof [ 1=
// | | [ _

Pue. 179 Pue. 180 Puc. 181

aberuce: KacaresabHas craHOBUTCH Gojiee «KpyToit». MoskHO yOequThes B
TOM, 9TO KacarejbHasa K rpadpury GyHKIUE y = 2% obpasyeT ¢ ocsio abce-
ILUCC YroJl IpUMepHo B 35°, a ANdA KacaTeJIbHBEIX K y = 3* u Kk y = 10* no-
JydaTcsa Yriibl HaKJIoOHa npuMepHo B 48° u B 66°.

Hrak, eciix ocHOBAHUE @ TIOKA3ATEABHON QYHKIIUM i = a* MOCTENeHHO U
HelIpepeIBHO yBeaumuupaercsa or 2 mo 10, To yroa mMexay KacaTeJabHOH K
rpad@uky QyHKIIUU B TouKe X = 0 ¥ 0Ccbio abciuce mocTeneHHo U HellpepPbIB-
HO yBenuuuBaercs ot 35° ga 66°. 3nauuT, cyliecTByeT Takoe OCHOBaHUe e,
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§ 47. IloHAaTuE KacaTenbHOMN.
Yucno e n pyHKkyua y = e*
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nepBoil U Tperhell KOOPAMHATHBIX YeTBepTeil; YroJ HaKJIOHA KacaTellbHOMN
K ocu abcuucce paBeH 45°. MYyHKIHIO Yy = e¥ HA3BLIBAIOT IKCNOHEHUUAb-
Hoil, a eé rpadUK — IKCNOHEeHmoll, XOTs 3a4acTyio, I KPAaTKOCTH, dKC-
MOHEHTOH Ha3bIBAIOT U caMy (QYHKIIHIO iy = e*, H e€ rpadukK.

DyHKIHUA I = e* yale Apyrux NoxKasaTe/IbHbIX QYHKIINNE HCIIONL3YeT s
Ha npaxkTure. [IpuBeném aBa cTaHAapPTHLIX, IMIUPOKO U3BECTHLIX ITpUMepa.

1) IlpennonosxuM, 4YTO KOJIOHHSA KUBBIX OPraHU3MOB HAXOAUTCH B
OIArONPUATHBIX YCIOBHUAX: IPOCTPAHCTBO, 3aHUMAaeMOe KOJIOHUeH, U -
IIeBble pecypchl He OrpaHHUYeHbl, a XUIITHUKOB, IIUTAIOINIUXCA OpraHu3aMa-
MU JDAaHHOM KOJIOHHU, HeT, Ojarogapsd dYeMy pOMKIaeMOCTL BbIIle, YeM
CMEepPTHOCTH. B TaKUX yCcN0BUAX OOBIYHO CUUTAIOT, UTO CKOPOCTH U3MEHe-
HUA YUCJEHHOCTH KOJOHWH NPONOPIIHOHANBHA YHUCJIEHHOCTH (dYeM OO0Jb-
e OpraHu3MOB, TeM BBIIIE CKOPOCTh; B — KO3 PUIHEeHT IPOIOPIIUO-
HAJBHOCTH). YCTAHOBJIEHO, YUTO YHCJIO OPraHU3MOB KOJIOHUHM BhIparKaeTcs
opmynoit y = y,e*t, roe y, — YHUCIEHHOCTL KOJIOHHMY B MOMEHT BpeMeHHU
t=0, ak>0— gHexoropslil Koa(rPpUILHEHT.

IIpumepHOo MO TaKOMy e 3aKOHY HM3MeHseTCs BeJIMYMHA BHKJIaJA B
OAHKOBCKOU CTPYKTYPeE, 9TOT 3aKOH HA3bIBAIOT 3AKOHOM NOKA3AMENbHO20
pocma.

LAS

NABOPATOPUSA

YTO KacaTtelbHasg K rpauUKy IoKasaTeIbHOH
dbyuaxunun y = e* B Touke x = 0 obpasyer ¢ 0CbIO YA
abcrimee yroam 45°. 9TO OCHOBaHHEe 3aKJIIOYEHO
MeXAY yucjaaMu 2 U 3, HOCKOJIbKY JJIs (DYHKIINK
Yy = 2% UHTepecyOIUN Hac yroj paseH 35°, uro /
MeHBIle, yeM 45°, a naa QyHKIUM y = 3% OH pa-

BeH 48° uro y:e HemMHOro Oonwine, uem 45°.
B kKypce BbIciIeit MaTeMaTHKU [I0Ka3aHoO, YTO
e=2,7T182818284590... , aT70 UppanuoHAIbLHOE
yncsio (beckoHeuHas JecATUYHAS Hemepuogude-
cras napobs). Ha mpakturke oObIYHO ToJaraiwor,
yto e = 2,7.

I'padbur nokasarenbHOl QYHKIUH Y = e¥
nzobpaxkén Ha pucynke 182. On ornuuaerca or o| 1
rpad@uKOB MOKasaTeNbHbIX GYHKIUHE ¢ ApyrumMmu =/
OCHOBaHUSIMH TeM, UTO KacaTeJIbHAd K rpapuKy
B Touke x = 0 nmapannenbHa OHCCEKTpHUCe Y = X

cio

Y

Puc. 182

2) B komuary ¢ remnepatypoit 20 °C BHecsn kunsamuit vaiauk. [Ipu
OTNpeleIEHHBIX YCIOBUAX MOKHO CUUTATH, YTO CKOPOCTh U3MEHEHHUS TeM-
nepaTypbl HArpeToro TeJjia NPONOPIHOHANbHA PA3HOCTH MEMIY TeMmIiepa-
TYpoil Tesa u TeMiuepaTypoi okpy:katoieit cpensi. Temneparypa T reja B
MOMEHT BpeMeHH ¢t Beipaskaercs dopmynoit T = T + (T, — T,)e *!; anecn
T, — remmeparypa oxkpy:xkatomieit cpenwl, a T, — TeMmneparypa Tejia B
moMmeHT Bpemedn t=0. B curyamum c¢ ualisukom T, =20°C, a
T, = 100 °C. 3uauur, T = 20 + 80e . C TeueHneM BpeMeHH TeMIEpaTy-
pa vaiHuKa OyaeT nNpubIMIKATBECA K TEeMIepaType OKPYKaloIlled cpeisl.
IIpotecesl mogob6HOrO pojia HA3BIBAIOT NPOUECCAMU BbLDABHUBAHUAL.
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L § 48. Iloka3aTenbHbIie YPaBHEHUA

C A0S

3aBepimiaa nmaparpad, BBIIEJINM TPHU OCHOBHBIX METOJA PEIIeHUs II0-
KasaTeJbHLIX YPaBHEHUI.

1) Memod ypasrusarHusa nokaszameneii. OH OCHOBAH Ha TeopeMe O
TOM, UTO ypaBHeHue a/*) = q5(¥), rme @ — MOJOMKUTENBHOE UHCJIO, OTIHY-
HOe OoT 1, paBHOCHJILHO ypaBHeHUIO f(x) = g(x). MBI OIpUMeHHUIN ITOT Me-
TOJ IIPHM PEIIeHUH npumepa 1.

2) Memod esedenus no60i nepemernoil. Mbl IPUMEHUIN 3TOT METOJ
IpHU pelleHnuH OpuMepoB 2 U 4.

‘‘‘‘‘ I DOpumep1 Pemwrs ypasuenue: 3) ®ynrkyuonanrvro-zpaguieckuit memod. OH OCHOBAH Ha MCIIOJIb30-
- e 1 1 1 xS J2 . BaHUW rpa@UUYecKNX MJLTIOCTPANUI MIN KaKHUX-JIU60 CBOMCTB (DYHKIIMIA.
a) 3 =3 ; 0) 49 = 2/? ] 5 B) —( 0,25)"1 =07, Mer npuMeHHMIIN 5TOT MeTOJ IPH pelleHuHu npuMepa 3.

Pemrenune. a) CoriiacHO JAOKAa3aHHOM TeopeMe ypaBHeHue 32x° = 35x-2
paBHOCHJIBHO ypaBHeHuio 2x2 = bx — 2. PemmuB KBajpaTHOe ypaBHEHUe

2x2 - bx + 2 =0, monyuum: x; =2, x, = 1

5 O9T0 — KOPHH 3aJaHHOI'0

ypaBHEHUdA.

6) IlopaGoTaem 10 OTAEIBLHOCTH C JIEBOH U IPABO YaCTAMU 3aJaHHOTO BbinonHeHuUue cneuynanbHbIX BaAaHmn:
ypaBHEHHA:
. 5 \FH - o 1\9%6 aes CocrasneHue npeanncaHUAa nNo peweHnto
(L) ={[%) ] (L] [J}J =((%H -(2] . 3apav onpeaenéHHoro TMNa

Takum ob6pasoM, MOKHO MepenmncaTh 3afaHHOe ypaBHEeHHe B BHIe

2x+2 3x-2
(%J =(%] . Buauur, 2x + 2 = 3x — 2, x = 4.

B) ObOpaTtuTe BHMMAHHE: BCe TPH OCHOBAHHUS CTENeHEH, (PUTypPHUPYIO-
II¥ie B YPaBHEHHUM, MOXKHO IIPUBECTH K OJHOMY OCHOBaHUIO 2. ITO HADIIIO-
oeHUe — KJIIY K pemnieHnio. Mvmeem:

A2 20,5 20,5
(0,25)x+1 (2—2 ).r+l ( ) 2—2x—2

20.5-(-2x-2) = 23x; 22,5+2x = 23x; 25 4+ 2x = 3x; x = 2,5.

Orser: a) 2, %; 6) 4; B) 2,5. i
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PewuTe ypaBHeHuUe
25" +(x—31)-5" = 25x-150.

PeweHue:

0603Ha4YMMm p=5, p>0.

Umeem p’ +(x—31)- p—(25x—-150)=0.

Monyunnu KBagpaTHOE OTHOCUTENLHO P YPaBHEHUE C NapaMeTPOM X
D =(x—31)" —4(25x-150) = (x+19) >0.

— 31-x—x-19
:31 x;x+19:25’ 0, = . _

6 — X.

Py
Caenaem 06paTHYIO 3aMeHy
5"=25< x=2. 5*=6-X
PaccmoTpum pyHKUMM Y =5" un y=6-X
y=5" - Bo3pactatowasn; y=6-x - y6bisatowjas.

CnhepoBaTtenbHO, ecnm peweHue eCtb, TO OHO e4UHCTBEHHOe.
X =1.

OTser. 1 2.
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Ypok no teme «lMNoHATHe norapupma» neonmomn

Ypok «OTKPbITUA» HOBOIO 3HaHUA

HeAatenbHOCTb Ha YpOKe

MpoBepka AOMalLHEro 3aaaHuA, akTyanuM3auua
3HaHUMN.

MoBTopAtoTCA: rpaduveckuit cnocob peweHunsa ypaBHEHUN,
nocrpoexue rpaduxa pyHkuum Yy =3

MoTtusauua OTKPbITUA HOBOTrO 3HAHUA.
MobyxaeHue K nony4yeHuto HoBo MHGopMmaLmu.

MocTaHOBKa 334a4K: pewmTe ypaBHeHUA
3¥=9 u 3=5.

MNonyvyeHue HoBOM MHOOPMaLUK

PaboTa ¢ TeKCTOM y4yebHUKa. 3anonHeHue KypHana.

O6paboTka HOBOW UHPOPMaALUK

AHanusz n popmynupoBka npobnemsl. BoiasuxeHue runoresbl:
cywiectsyeT nokasatens crenenun |og,5, B kotopyto Heobxoaumo
BO3BeCTU 3, 4ToObl NONYyUMNOCH 5.

MpoBepka runotesbl. MonyyeHue pesynbraTta: NOHATUE
norapudma.

MepBUYHOE 3aKpenneHue ¢ NporosapuBaHuem Bo
BHELLUHEU peun.

PeweHue 3agaHui1 B rpynnax.
3akpenneHme HOBOro NOHATUA.
CoctaBneHue cxembl onpeaeneHma NOHATUA norapupma.

CamocTosaTenbHaa pabota c camonpoBepkoii No
3TaNoHy.

BbinonHeHue camoctoaTenbHoOM paboTbl.
PaboTta c TekcTtom y4yebHuKa. NonyyeHune obpasoBatenbHOro
NPOAYKTa: CXeMbl AOKa3aTeNbCTBa MPPALMOHANbHOCTU YMcna

Pednekcua. OcmbicneHue U3y4eHHoro u
COENaHHOro

MNopBeaeHue K BbiBOAY: pa3 Mbl Y3HAaM HOBOE NOHATUE, TO
cnepyet bonee noapobHO U3y4UTb €ro CBOMUCTBA,
B3aMMOOTHOLIEHUE C YXKE U3BECTHbIMU NOHATUAMMN.

V|H¢OpMaU,IAH 0 AOMalWHEM 3aldHUN, UHCTPYKTaX
no ero ebliNO/IHEHUIO.
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§ 50. IlonaTue norapupma

PaccMoTpHM deThIipe MMOKAZATENBHBIX VpaBHeHHd: 34F =9, 3% =

3 =9, x=2
3 = i xX =
27
3¢ = \E’ X =
Tabmuna «Bepro — npoBepro»
Bepto YTBepxxaeHue MNposepto
Oa YpaBHeHue 3* =9 =D
MMEET KOPHMU.
Het YpasHeHue 3" =5 ?
MMEET KOPHMU.

a% = \E : 3% = 5. IlepBele TpH VpABHEeHHS MLI pellldM 0e3 Tpyna, HX KOp-
HH — palHOHAJLHBIE UHCIA:

LA=
A |
NABOPATOPUA
27"
€7 GeoGebra Classic - m] hd
(&) & > OO £\ =24 SC Q=
. fry=3" EN :_‘
12
O giy=9
1
O h:y=5
10
A = Touka(f) °
©
~ @9 ® 9
B =T (f) : ®
= Touka
© ®
— (146, 4.97) 7
=+ Beog... 6
hi
4
3
2
/
Tlg =7 5 5 -4 s H1HHo 8 o 10
1
-2
5 n
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WaaAATENBCTEO § 50. HOHHT“E norap“¢Ma NABOPATOPUS
COLC)S

l IOpumep 3 [oxaszare, 4To log; 5 — HUppaHMOHAIBEHOE YHCIIO. BblnonHeHlﬁe C"eu"aanHX 3aAaHMn:

Pemenune. Ilpeanosnoxkum, uro logy 5 — panuoHanbHOE YHCIO, T. €. COCTa BNAeHune cxembl AOKa3aTeanTBa

logs 5 = P , e p, ¢ — HaTypaJbHbie 4yncaa. PaBernctso log; 5 = L o3ma-
q q

P

q
£ £
yaet, uTo 3¢ = 5. [lanee umeem: (39‘ ) = 57, 37 = H4. Ilocnennee paBeH-

CTBO HEBO3MOKHO XOTs OBl IIOTOMY, YTO YHCJIO 57 OKaHYHBaAETCHa LUPPOH |093 S=—
D, a HUKaKas HATypaJbHAas CTeneHb 4Yucia 3 muudpoil 5 He OKAHYHUBAETCS. q \
IMonyuunau nmpoTuBOpedHe, dTO 3HAYUT, UTO CHAEJAHHOE IIPENIIOJIOKe-
HHe 0 TOM, 4TO log; 5 — panuoHalbHOe YKClI0, HeBepHO. BuiBoz: logg b — / HO ﬂ ( 3 5) -1
UppaIAOHATBHOE YHCJIO. !

}
1. Nyctb log,5 — paunoHanbHoe Yucno, T.e. log,5= Ly q

q v
2. 305 |37| _Ev vl | HOJ(3";5")=1

3P =51
3. NpoTusopeuue;

4. PesynetaT log,5 — uppauMoHanbHbie Yucno. NpoTusopeune
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C aHamoOrmyYHOM «HEUITATHON» CUTYalluell Mbl BCTPETHUJIUCHL B Kypce aJl-
rebpel 8-ro KJjacca, Korga Hamao ObLJIO HAWUTH MHOJMOMKHUTENbHBIA KOPEeHb
ypaBHeHuii: x2 =4, x2 =9, x2 = 5. Jlna nepBbIX ABYX YPaBHEHUII BCE MPO-
cro: x = 2, x = 3. A urobnl 3anHUcaTh KOpPeHb TPETLEro VpaBHEHHs, IIPH-
ILJIOCHh BBOAUTHL HOBBIM TePMUH «KBaJpPATHBIM KOpPEeHbL» U HOBOe 0D0O3Haue-

uue /o . C ypaBHeHHeM 3% = D MOCTYIIMM TaK Ke: BBeAEM HOBLIM TepMUH
«jiorapudm» u HOBOe obozHaueHue log, 5 (umralor: «Jlorapudm uuciaa 5
10 OCHOBAHUIO Tpu»). Mrak, ypaBHeHHe 3¥ = 5 MBI pemuian: x = log, 5.

Onpepenenue. JlorapupMomM NOJOKHTENBHOT0 YHCJAA b MO MOJOMKH-
TeJIHbHOMY M OTAMYHOMY OT 1 OCHOBAHMIO @ HA3LIBAIOT IIOKAa3aTellb CTe-
IIeHHU, B KOTOPYIO HYMKHO BO3BECTH YHCJO @, YTOOLI IOJYUYUTH YHCJIO0 b.
Obosznauenue: log b (uuraror: «J/lozapugm wucia b no ocnosanuio a»).

BbinonHeHUe cneyuanbHbIX 3aAaHMVII
CoctasneHue cxembl onpeaeneHUA

Jlorapudm yucna b 1o 0CHOBaHHIO 4.

1)b>0 151
2)a>0 151
J)a#l 15|

4) a™=" =b




i Hanaurte KopeHb ypaBHEHUA LAD

ITIPOCBEIITIEHUE

nnnnnnnnnnnn 54.4. a) log, 4(x? + 8x — 13) = log 5(x + 5);

NABOPATOPUSA

Ecnu ypaBHeHue umeeT 60nee 04HOTO KOPHSA, YKaXKUTEe MEHbLUUIA U3 HUX.

, BbinonHeHUe cneumanbHbIX 3a,aHUN:
L Mounck owmnbKU B roTOBOM peLleHUuU

e Pemenue 2:
‘‘‘‘ Perene |- X*+8x—-13=x+5
x> +8x—13=x+5 x*+7x-18=0
X°+7x-18=0 X =-9, X =2
/'pae Xx=-9, X,=2 pr(:]ief)ga:
‘Illbl/oepe log, 5 ((—9)2 +8'(—9)—13) =log,,(-9+5) — HEBepHOE PABEHCTBO
a,eﬁqe 2 X, =2
log, , (22 +8.2 _13) =10g,,(2+5) — BEPHOC PABEHCTBO

Oter: —9. OtBeT: 2.




@ Haupurte KopeHb ypaBHeHUA

ITIPOCBEIITIEHUE

Pemmenue 3:

X* +8x—-13=X+D5,
X+5>0

N

X*+7x-18=0,
&
X> -5

[x=-9,
S Xx=2 o X=2.

| X>-5

OtBeT: 2.

N

54.4. a) log, 4(x? + 8x — 13) = log 5(x + 5);

Pemmenue 4:
(%2 +8x—13=Xx+5
Ix*+8x-13>0,
X+5>0
[x=-9,
| X=2,
_x<—4—@,
=% &
| X > —4+\/E,
X>-h

LAS

NABOPATOPUSA

Ecnu ypaBHeHue umeeT 60nee 04HOTO KOPHSA, YKaXKUTEe MEHbLUUIA U3 HUX.

BbinonHeHUe cneumanbHbIX 3a,aHUN:
Mounck owmnbKU B roTOBOM peLleHUuU

(x? +7x-18=0,

{x<—4—@,

= _
X > —4+\/E,
\x>—5
r{x:—9,
X=2, = X=2. 2
X >—4++/29 e‘“e\‘\“e
WP
20

e




" LAS
IPOCBEIEHHE PemmmTe HepaBeHCTBO. LAS
. COHKD3  37.33. a) (x - 3)logy(x + 3) > 0; MeTtopa uHTepsanos

(@

)
H:
{2 GeoGebra Classic - X —
%//\’D'G)@éxii'%' 5Cc Q =
O f:y=x-3 = eqi T eq? —d W
O g:y=logs(x+3) —
. eql: x = -2 1
(@) eq2:x =3 & I-mJ
+ Beog... >

—12 =11 =10 -9 -8 =7 -G -5 —4 -3 12 -1 0 4 9 10 11 12

@ 9 » I3

S




IIPOCB?HJ;EHPIE PemnTe HepaBeHCTBO. M ;!ﬁﬁ;ﬁ
SOOI eTo4 UHTepBanos

B) (x —5),/logy(x —2) > 0;
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)
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& Npuka3 Ne 858 MuHucTepcTsa npocselleHus PO ot 21 LAS

IIPOCBEIODEHHUE

L ceHTAbpAa 2022 r. «0O6 yTBEepKAeHUM denepanbHOro
COKO3
nepevHa y4ebHUKOB ...»

[ ®roc 2009 ] [ ®roc 2021 ]

@ MATEMATVIKA
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» TotoBsaTces k axcneprr3e yaeOnuku ais 10 u 11 kiraccos
yI1yOJIEHHOTO YPOBHS
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OtnuuuTenbHBIE 0COOCHHOCTH LAS

NABOPATOPUA

YMK «JlaGoparopus A.I'. Mopakosuua»

Kypc nocTpoex Ha OCHOBE NPUOPUTETHOCTH (PYHKUMOHAIBLHO-TpaQUIECKOM
JIMHUH, MAaTEMaTHYECKOE MOICIIMPOBAHUE ABNACTCA UACHHBIM CTEPIKHEM.

Teopus u npakTHKa COEAUHEHBI B ONHY KHUTY. Kaxk/1as yactsb
COOTBETCTBYET IMPUMEPHO MOIIYTOJIUIO.

[Topsimok Tem coorBercTByeT I1PII, oTpaxaeT rcuxomorudeckue
0COOEHHOCTH O0YyYarOIINXCS.

BricTpoeHa BEpOATHOCTHO-CTOXAaCTUYECKAS JIMHUS B TECHOU

B3aMMOCBA3U C OCHOBHBIM COACPKAHUCM.

Kaxnas rmasa comepxut pasneinst «I[loBropenue», «Urtak, B [1aBe...», \
«Bomnpocey, «JlonomHuTtenpHbie 3agauny, «M3 HICTOpUK MaTeMaTUKN. |

TpéxypoBHEBasi cucTeMa 3aJlaHiil OTpakaeT TPEOOBAHUS
ooHoBiaEéHHOr0 ®I'OC OO0, uToropoii arrecranuu. Jlo6aBICHBI
3a71a4¥ MTPAKTUYECKOTO COAEPHKAHUS, BBICOKOTO YPOBHSI CJI0KHOCTH.

Bxitou€H marepual, peKOMEHI0BaHHBIN K U3YUEHUIO C
ucnoib3oBanueM | T-cpenctB B coorBeTcTBUM ¢ 00HOBIEHHBIM PI'OC |
00O0.




s [eomeTpua, /-9 Knacchbl.

M3 aJ0ATENDBCTEBDO

o3 B.A.CmupHos, N.M.CmupHoBa

] B. A. Cuupros
@ . M. Cumprona

FTEOMETPUSA

& B. A. Cuuaprion
@ . M. Cumprosa

TEOMETPUS

YueOHUKH CIEAYIOT TPAIUILIUSAM OT€UECTBEHHOIO F€OMETPUUECKOTO
o0pa3oBanusi. CTPOTOCTh U YETKOCTD U3JI0KEHUSI COUETAIOTCSI C
JTOCTYIHOCTBIO U HAIJISITHOCTBIO. Y YSOHMKH UMEIOT HEOOJIbIIION 00bEM,
MO3BOJISIIOIIMI COCPENOTOUUTD YCUIIHS YUAITUXCSl HA OCHOBHBIX ,
pesyabrarax 00ydJeHusl. Tair -
FTEOMETPUS
bonbiiioe BHUMaHKE YIEIEHO HUHTEPECY U MOTUBALIMM yHaIUXCs K
o0yueHuto reomerpun. C 3TOM 11EJIbI0 B YYCOHUKH TOMUMO
TPaJUIIMOHHOIO MaTepualia BKIFOUEHbI ICTOPUUYECKUE CBEIICHMUS, B
Marepuas Hay4YHO-IOIMYJISIPHOTO U MPUKJIAIHOTO XapaKTepa, 3a1a4u
MIPAKTUYECKOW HAIPABIEHHOCTH.

» TotoBsaTrcs k axcniepruse yuebnuku s 10 u 11
K&)K)Iaﬂ I'JlaBa HAYUHACTCS C I/1306pa)K€HI/I}I HHTCPCCHOI'O apXUTCKTYPHOI'O KJ1aCCOB, 0a30BOro u yrnyﬁﬂénnoro YpPOBHS

coopyxeHus Poccun, moCKOIBbKY 00BEKThI TPag0CTPOUTEILCTRA,
coueTtaronue B cede paHTa3no, KpacoTy U MPAKTUYHOCTD, TalOT HAM
BO3MOYKHOCTh YBUJICTh U OIITyTUTh MHOTOOOpa3ue reoMeTPUICCKUX (hOopM.




o [IDOEKT NO BHEeAPEeHUI0 y4ebHoro nocobus

M3 aJ0ATENDBCTEBDO

COO3 no reometpun ana 7-9 knaccos

Llens npoekra:
MOBBIIIEHHUE TTPO(PECCHOHATBHBIX KOMIETCHIINHN yUUTEIeH MaTeMaTUKH B
00J1aCTH MpenogaBaHus TEOMETPHUH B IIIKOJIE.
B pamkax npoexra:
METOJIMYECKOE COIPOBOKICHNE aBTOPOB: BEOMHAPHI, OYHBIC CEMUHAPBI,
BCTPEYU U KOHCYJIbTALIMU C aBTOPAMU, MAaCTEP-KJI1aCChl, SKCKIIFO3UBHbIE
METOINYECKUE MaTeprabl OT aBTOpPA. CmupHoB Brnagummp AnekceeBuu,
npocdpeccop, OOKT. pun3.-maT. HayK, 3aBeayLmn Kadenpon anemMeHTapHoOu MaTeMaTmKu

MITY, asTop YMK no reometpumn gnsa 7-11 knaccos, y4ebHO-MeTOogNYECKNX NOCOOUn angd
CTYLOEHTOB BbICLUMX Y4EOHbIX 3aBedeHUm :

Perucrtpauus

8,0 00882 55 .
; CmupHoBa NpnHa MuxannoBHa,
npodpeccop, OOKT. neq. Hayk, npodeccop Kadeapbl ANeMeHTapHON MaTeMaTUKK

MIIY, astop YMK no reometpumn ans 7-11 knaccos, y4ebHO-MeTOANYECKNX
nocobuin 4nst CTyaeHToB BbICLLMX Y4EOHbIX 3aBe4EHNN

BeGuHap 1: Hawana reometpum.

BebuHap 2: TpeyronbHUKM.

BeGuHap 3: leomeTpudeckue mecra Touexk.
Bebunap 4. Cymma yrnoB MHOroyronbHuKa.

3anucu npoluegLmnx
BeOMHapoB




—8__  CosmecTHbIl npoekT ¢ LIEHTPOM NCHX0N0rnuecKoro TOUKA eW

Wa3AaATEDNDbBLCT®BO

CO})3 CONPOBOXICHHS obpazoBanusi « TOUKA TICHW»
MAPA®OH «YUYCb MATEMATHUKE Y ABTOPOB YYEBHUKOB»

Ilear MapadoHna: Perncrtpauus
- TIOBBIIICHUE YPOBHS MPOXOXKICHUS TPOMEXKYTOUHON U UTOTOBOM aTTecTalii 00y4aroluXCcsi HA OCHOBE @): 0
dbopMUpOBaHUS CAMOKOHTPOJIS U peIEKCUM C UCTIONb30BaHUEM UEH, pa3paboTaHHbIX aBTopamu Y MK 5 3

«JIaboparopust A.I'MopakoBuua.

Sanaun MapadoHa:
- co37aHue YCIIOBUM sl (POPMUPOBAHUS CAMOKOHTPOJSA W pediieKCMu y oOydyarolmuxcs OCHOBHOW W CpemaHei

IIIKOJIBI,
- OBBIIICHUE MOTUBAIIMU K COBEPIICHCTBOBAHNWIO MAaTEMATUYECKNUX 3HAHUN YEPE3 aBTOPCKUE OHJIANH-YPOKH;
- COZIEHICTBHE OOMEHY OIBITOM U MOBBIIICHUIO KBATHM(UKAIIMA YUUTEJICH MaTeMaTUKH, HA OCHOBE MCIIOJIb30BAHMS

nocoouiit YMK «Jla6opatopust A.I. MopakoBuuay.
MopakoBu4 AnekcaHap NpuropbeBuy,

npodeccop MITTY, oOKT. nen. Hayk, KaHA. on3.-MaT. HayK, Hay4HbIn pykoBoguTens MexayHapogHoro cemmHapa
npenogasartenen marematukmn negy3os (1987 r-H.B.); Jlaypeart Npemun MNMpesngeHta PO B obnactn obpasoBaHus,

3acrnyXeHHbIn geatenb Haykm PO, OTnn4Hnk HapogHoro obpasoBaHus, HarpaxgéH Meganbeto K. [.YWnMHCKoro.
butaHoBa MapuHa PoctucnaBoBHa,

KaHA., ncux. Hayk, npodeccop MNOO, anpekTtop LleHTpa ncuxonornyeckoro

conpoBoxaeHns obpasoBaHuss « TOYKA MNMCA»
©); ©

4

MapaaxaeBa EneHa JIbBOBHa,

KaH4. neq. Hayk, goueHrt, Jlaypeart lNpemuun paHT Mocksbl B
cthepe obpasoBaHus, aBTop YMK «JlabopaTtopus

3anucu npoleawmnx A.lMopakosuya»

BeOMHapoB




¢ Anpec oOpaTHOM CBS3H: Q

IIPOCBEIITEHUE

COO3 kaf.matematika@gmail.com =

B COIO3E C y
MATEMATUKOU @
HpenonaBaHne MaT€MaTuKu B e
OCHOBHOM M CPEJIHEH IIKOIIE.
https://t.me/souzmatematikov
| (]

MBI TOTOBEI K AHAJIOTY

https://docs.google.com/forms/d/e/1FAIpQLSAfIIEVOGYQDG41rgKY8M
UAF6GVAPdin3aMSWU_DO79TXNyY 0g/viewform

Meronndeckoe CONMPOBOKACHUE YUUTENICH MAaTEMAaTUKU Y€Pe3 aBTOPCKUM CalT
https://elenamard.jimdofree.com

M Ompasnenviie - ket X | & MAAHBIBUHOM-C X | MNAH 2023 Bopsy X | W Kak caenare puronc X | W OMY-2022.Teoverp: X | [@ Hosocrs x | €3 VK WorkMail

¢ 5> C amp jimdofr

M Gmail @B YouTube ¥ Kapre @ Hosocrw

TnaeHas AKTyasbHble JOKYMEHTbI MapagoH "Y41MCs MatemMaTike y aBTOPOB yHe6HUKOB"

Anreépa: HoBblin @MY - 2022 BeposTHOCTL 1 cTaTUCTUKa: HoBbIl ®MY-2022 FeomeTpuis. HoBbIi ®MY-2022

BHeypouHas fedTelbHOCTb 5-6 Knacchbl MpeanpodunbHas Nnogrotoska 7-9 Knaccbl

MNpoduneHoe obyueHre 10-11 Knaccol CoBpeMeHHBI ypok r'ae kynute YMK A.l.MopakoBu4a 1 ap.
UTorosas aTTectauus IT-cpeacTBa Npyv 06y4eHWUM anre6pe: MeToAnYeckne pekoMeHaaunm
MexpermoHanbHbIi CTyieHYeCKUii CeMUHap MONOABIX yuuUTenelt MaTeMaTkn Anpo6auysa YMK

OuHble CeMVHapbl 1 KoHpepeHLK PervioHanbHele ceMHapel B opmate oHnaliH Be6uHaps!

06 aBTOPCKOM KOIEKTUBE SNeKTPOHHbIe pecypcbl O6paTHas cBsi3b

w0 égii (o) A B 7)) PYC “];22 a)‘



https://t.me/souzmatematikov
https://docs.google.com/forms/d/e/1FAIpQLSdfJ1EVQGYQDG41rgKY8MUAF6GVAPdtn3MSWU_DO79TXNyY0g/viewform
https://docs.google.com/forms/d/e/1FAIpQLSdfJ1EVQGYQDG41rgKY8MUAF6GVAPdtn3MSWU_DO79TXNyY0g/viewform

